Abstract. We study the effect of time-dependent, non-conservative perturbations on the dynamics along homoclinic orbits to a normally hyperbolic invariant manifold. We assume that the unperturbed system is Hamiltonian, and the normally hyperbolic invariant manifold is parametrized via action-angle coordinates. The homoclinic excursions can be described via the scattering map, which gives the future asymptotic of an orbit as a function of the past asymptotic. We provide explicit formulas, in terms of convergent integrals, for the perturbed scattering map expressed in action-angle coordinates. We illustrate these formulas in the case of a perturbed rotator-pendulum system.
1. Introduction 1.1. Brief description of the main results and methodology. In this paper we study the effect of small, non-conservative, time-dependent perturbations on the dynamics along homoclinic orbits in Hamiltonian systems. We describe this dynamics via the scattering map, and estimate the effect of the perturbation on the scattering map. We illustrate the computation of the perturbed scattering map on a simple model: the rotator-pendulum system. However, similar computations can be obtained for more general systems.
Our approach is based on geometric methods and on Melnikov theory. The geometric framework assumes the following situation. There exists a normally hyperbolic invariant manifold (NHIM) whose stable and unstable manifolds coincide. The orbits in the intersection are homoclinic orbits which are bi-asymptotic to the normally hyperbolic invariant manifold. To each homoclinic intersection we can associate a scattering map. By definition, the scattering map assigns to the foot-point of the unstable fiber passing through a given homoclinic point the foot-point of the stable fiber passing through the same homoclinic point. The scattering map is a diffeomorphism of an open subset of the NHIM onto its image. If the system is Hamiltonian and the NHIM is a symplectic manifold then the scattering map is a symplectic map. If a small, Hamiltonian perturbation is added to the system, the scattering map remains symplectic, provided that the NHIM persists under the perturbation. This is no longer the case when a non-conservative perturbation is added to the system: the perturbed scattering map -provided that it survives the perturbation -does not need to be symplectic.
In the rotator-pendulum model that we consider, the NHIM can be parametrized via action-angle coordinates, so the scattering map can be described in terms of these coordinates as well. In the unperturbed case, the scattering map is the identity. Then we add a small, non-conservative, time-dependent perturbation. Using Melnikov theory, we estimate the effect of the perturbation on the scattering map to first order with respect to the size of the perturbation. We provide expressions for the difference between the perturbed scattering map and the unperturbed one, relative to the action and angle coordinates, in terms of convergent improper integrals of the perturbation evaluated along homoclinic orbits of the unperturbed system. One important aspect in the computation is that, in the perturbed system, the action is a slow variable, while the angle is a fast variable.
Similar computations of the scattering map, in the case when the perturbation is Hamiltonian, have been done in, e.g. [DdlLS08] . The effect of the perturbation on the action component of the scattering map is relatively easy to compute directly. On the other hand, the effect on the angle component of the scattering map is more complicated to compute, since this is a fast variable. To circumvent this difficulty, the paper [DdlLS08] uses the symplecticity of the scattering map to estimate indirectly the effect of the perturbation on the angle component. In our case, since we consider non-conservative perturbations, this type of argument no longer holds. We therefore perform a direct computation of the effect of the perturbation on the angle component of the scattering map.
1.2. Related works. The Melnikov method has been developed to study the persistence of periodic orbits and of homoclinic/heteroclinic connections under periodic perturbations [Mn63] .
One well-known application of the Melnikov method is to show that degenerate homoclinic orbits in the unperturbed system yield transverse homoclinic orbits in the perturbed system, see, e.g., [HM82, GH84, Rob88, Wig90, DRR96, DRR97, DG00, DG01]. The effect of the homoclinic orbits is given in terms of certain improper integrals referred to as 'Melnikov integrals'. In some of these papers the integrals are only conditionally convergent, and the sequence of limits of integration must be carefully chosen in order to obtain the correct dynamic meaning.
Another important application of the Melnikov method is to estimate the effect of the perturbations on the scattering map, which is associated to homoclinic excursions to a normally hyperbolic invariant manifold. In the case when the perturbation is given by a time-periodic or quasi-periodic Hamiltonian, this effect is estimated in, e.g., [DdlLS00, DdlLS06a, DdlLS06b, DdlLS08, DdlLS16, GdlLS14, DS17] . The effect on the scattering map of general time-dependent Hamiltonian perturbations is studied in, e.g., [GdlL17, GdlL18] .
Some other papers of a related interest include [BF98, LMRR08, LM00, Roy06, LMRR08, GHS12, GHS14, Gra17].
A novelty of our paper is that we study the effect on the scattering map of general time-dependent perturbations that can be non-conservative. The methodology used in some of the earlier papers, which relies on the symplectic properties of the scattering map, does not extend to the non-conservative case.
We also note that the results here are global in the sense that they apply to all homoclinics to a NHIM, while other results only apply to homoclinics to fixed points or periodic/quasi-periodic orbits.
1.3. Structure of the paper. In Section 2 we provide the set-up for the problem, and describe the model that makes the main focus of the subsequent results -the rotator-pendulum system subject to general timedependent, non-conservative perturbations. In Section 3, we describe the main tools -normally hyperbolic invariant manifolds and the scattering map. In Section 4 we provide some lemmas that are used in the subsequent calculations. The main results are formulated and proved in Section 5. Theorem 5.1 gives sufficient conditions for the existence of transverse homoclinic intersections for the perturbed system. Theorem 5.3 provides estimates on the effect of the perturbation on the action-component of the scattering map. Theorem 5.5 provides estimates on the effect of the perturbation on the angle-component of the scattering map. In Section 5.4 we show that, when the perturbation is Hamiltonian, the formulas obtained in Theorem 5.3 and Theorem 5.5 are equivalent to the corresponding formulas in [DdlLS08] .
Set-up
Consider a C r`1 -smooth manifold M of dimension p2mq, where r ě r 0 for some suitable r 0 . Each point z P M is described via a system of local coordinates pu, vq P R 2m , i.e., z " zpu, vq. Assume that M is endowed with the standard symplectic form
defined on local coordinate charts. On M we consider a non-autonomous system of differential equations (2.2) 9 z " X ε pz; εq " X 0 pzq`εX 1 pz, t; εq,
is a time-dependent, parameter dependent C r -differentiable vector field on M , and P R is a 'smallness' parameter, taking values in some interval p´ε 0 , ε 0 q around 0. Moreover, we assume that X 1 " X 1 pz, t; εq is uniformly differentiable in all variables.
The flow of (2.2) will be denoted by Φ t ε . Above, the dependence of X 1 pz, t; εq on the time t is assumed to be of a general type, not necessarily periodic or quasi-periodic. In the particular case of a periodic perturbation, we require that t is defined mod 1, or, equivalently t P T 1 . In the particular case of a quasi-periodic perturbation, we require that the vector field X 1 is of the form X 1 pz, χptq; εq, for χ : R Ñ T k of the form χptq " φ 0`t for some k ě 2, φ 0 P T k and P R k a rationally independent vector, i.e., satisfying the following condition: h P Z k and h¨ " 0 imply h " 0.
Below, we will consider some situations when the vector fields X 0 , X 1 satisfy additional assumptions.
2.1. The unperturbed system. We assume that the vector field X 0 represents an autonomous Hamiltonian vector field, that is, X 0 " J∇ z H 0 for some C r`1 -smooth Hamiltonian function H 0 : M Ñ R, where J is an almost complex structure compatible with the standard symplectic form given by (2.1), and the gradient ∇ is with respect to the associated Riemannian metric 1 . Below we describe some of the geometric structures that are the subject of our study. These geometric structures are defined in Section 3.3. (H0-i) There exists a p2dq-dimensional manifold Λ 0 » DˆT d Ď M that is a normally hyperbolic invariant manifold (NHIM) for the Hamiltonian flow
The manifold Λ 0 is parametrized via action-angle coordinates, and is foliated by d-dimensional invariant tori, each torus corresponding to a fixed value of the action. The flow Φ t 0 on each such torus is a linear flow. (H0-iii) The unstable and stable manifolds W u pΛ 0 q, W s pΛ 0 q of Λ 0 coincide, i.e., W u pΛ 0 q " W s pΛ 0 q, and moreover, for each z P Λ 0 , W s pzq " W u pzq. Condition (H0-i) says that there exists a NHIM for the flow. Condition (H0-iii) says that there exist homoclinic orbits to the NHIM which are degenerate, as they correspond to the unstable and stable manifolds of the NHIM which coincide. We will show that if the perturbation X 1 satisfies some verifiable conditions, then the unstable and stable manifolds of the perturbed NHIM intersect transversally for all ε ‰ 0 sufficiently small, so there exist transverse homoclinic orbits to the NHIM. The goal will be to quantify the effect of the perturbation on the dynamics along homoclinic 1 gpu, vq " ωpu, Jvq.
orbits. This effect will be measured in terms of the changes in the action and angle coordinates when the orbit follows a homoclinic excursion.
As a model for a system with the above properties, we consider the rotator-pendulum system, which is described in detail in Section 2.3.
2.2. The perturbation. The vector field X 1 is a time-dependent, parameterdependent vector field on M . In the general case we will not assume that X 1 is Hamiltonian, so the system (2.2) can be subject to dissipation or forcing.
We will also derive results for the particular case when the perturbation X 1 in (2.2) is Hamiltonian, that is, it is given by (2.3)
where H 1 is a time-dependent, parameter-dependent C r`1 -smooth Hamiltonian function on M .
2.3. Model: The rotator-pendulum system. This model is described by an autonomous Hamiltonian H 0 of the form:
. . , p n q P R n , q " pq 1 , . . . , q n q P T n , and z " zpp, q, I, θq. In the above the sign˘means that for each i there is some fixed choice of a sign˘in front of`1 2 p 2 i`V i pq i q˘. The phase space R 2pd`nq is endowed with the symplectic form Υ "
In the above, we assume the following: (V-i) Each potential V i is periodic of period 1 in q i ; (V-ii) Each potential V i has a non-degenerate local maximum (in the sense of Morse), which, without loss of generality, we set at 0; that is, V 1 i p0q " 0 and V 2 i p0q ă 0. The non-degeneracy in the sense of Morse means that, additionally, 0 is the only critical point in the level set tV i pqq " V i p0qu, that is, V 1 i pq˚q " 0 and V i pq˚q " V i p0q implies q˚" 0. Condition (V-ii) implies that each pendulum has a homoclinic orbit to p0, 0q.
We note that for the classical rotator, the standard assumption is that B 2 h 0 {BI 2 is positive definite; in our case we allow that B 2 h 0 {BI 2 is of indefinite sign. For this reason we refer to h 0 as a 'generalized' rotator. This situation appears in several applications, such as critical inclination of satellite orbits, quasigeostrophic flows, plasma devices, and transport in magnetized plasma [KYN68, dCNM92, HM03] .
For the classical pendulum, the Hamiltonian is of the form`1 2 p 2 i`V i pq i q˘; in our case we allow a sign˘1 in front each pendulum, so B 2 h 1 {Bp 2 can be of indefinite sign. This is why we refer to the terms in h 1 as 'generalized penduli'.
In Section 3.5 we will show that for each closed
is a NHIM with boundary. The stable and unstable manifolds coincide, i.e., W u pΛ 0 q " W s pΛ 0 q, and, moreover, for each z P Λ 0 , W u pzq " W s pzq. Each point in W u pΛ 0 q " W s pΛ 0 q determines a homoclinic trajectory which approaches Λ 0 in both positive and negative time.
We note that the geometric structures described above satisfy the properties (H0-i), (H0-ii), (H0-iii) in Section 2.1.
Preliminaries

Vector fields as differential operators.
In the sequel, we will identify vector fields with differential operators, which is a standard operation in differential geometry (see, e.g., [BG05] ). That is, given a smooth vector field X and a smooth function f on the manifold M ,
where z j , j P t1, . . . , dimpM qu, are local coordinates. Similarly, a smooth time-and parameter-dependent vector field acts as a differential operator by
If Φ t is the flow for the vector field X , then
3.2. Extended system. To (2.2) we associate the extended system 9 z " X 0 pzq`εX 1 pz, t; εq,
which is defined on the extended phase space Ă M " MˆR. We denotẽ z " pz, tq P Ă M . The independent variable will be denoted by s from now on, and the derivative above is meant with respect to s. We will denote byΦ s ε the extended flow of (3.3). We havẽ Φ s ε pz, tq " pΦ s ε pzq, t`sq.
3.3. Normally hyperbolic invariant manifolds. We briefly recall the notion of a normally hyperbolic invariant manifold [Fen74, HPS77] . Let M be a C r -smooth manifold, Φ t a C r -flow on M . A submanifold (with or without boundary) Λ of M is a normally hyperbolic invariant manifold (NHIM) for Φ t if it is invariant under Φ t , and there exists a splitting of the tangent bundle of T M into sub-bundles over Λ (3.4)
T z Λ, @z P Λ that are invariant under DΦ t for all t P R, and there exist rates λ´ď λ`ă λ c ă 0 ă µ c ă µ´ď µà nd a constant C ą 0, such that for all x P Λ we have It is known that Λ is C -differentiable, with ď r´1, provided that
The manifold Λ has associated unstable and stable manifolds of Λ, denoted W u pΛq and W s pΛq, respectively, which are C ´1 -differentiable. They are foliated by 1-dimensional unstable and stable manifolds (fibers) of points, W u pzq, W s pzq, z P Λ, respectively, which are as smooth as the flow, i.e., C rdifferentiable. These fibers are not invariant by the flow, but equivariant in the sense that
The unstable and stable manifolds of Λ, W u pΛq and W s pΛq, are tangent to
respectively. Since W s,u pΛq " Ť zPΛ W s,u pzq, we can define the projections along the fibers Ω`:
The point z`P Λ is characterized by
for all t ě 0.
and the point z´P Λ by
for all t ď 0, for some C z ą 0.
3.4. Scattering map. Assume that W u pΛq, W s pΛq have a transverse intersection along a manifold Γ satisfying:
Under these conditions the projection mappings Ω˘restricted to Γ are local diffeomorphisms. We can restrict Γ if necessary so that Ω˘are diffeomorphisms from Γ onto open subsets U˘in Λ. Such a Γ will be called a homoclinic channel.
By definition the scattering map associated to Γ is defined as
If M is a symplectic manifold, Φ t is a Hamiltonian flow on M , and Λ Ď M has an induced symplectic structure, then the scattering map is symplectic. If the flow is exact Hamiltonian, the scattering map is exact symplectic. For details see [DdlLS08] .
3.5. Normally hyperbolic invariant manifold for the unperturbed rotator-pendulum system. Consider the unperturbed rotator-pendulum system described in Section 2.3.
The point p0, 0q is a hyperbolic fixed point for each pendulum, the characteristic exponents are λ u i " p´V 2 i p0qq 1{2 , λ s i "´p´V 2 i p0qq 1{2 , and the corresponding unstable/stable eigenspaces are
where µ c ą 0 is some arbitrarily small positive number. Also, define 
It immediately follows that for each closed
is a NHIM with boundary, where the rates λ´, λ`, µ´, µ`, λ c , and µ c from Section 3.3 are the ones defined by (3.11), and the unstable and stable spaces E u z and E s z at z P Λ 0 are the ones given by (3.12).
3.6. Coordinate system for the unperturbed rotator-pendulum system. The pendulum-rotator system is initially given in the coordinates pp, q, I, θq, and the NHIM Λ 0 for this system is described in the action-angle coordinates pI, θq. Let N be a neighborhood of W u pΛ 0 q " W s pΛ 0 q. We define a new system of symplectic coordinates 2 py, x, I, θq in a neighborhood N 1 Ď N of a disk D Ď W u pΛ 0 qztp0, 0qu " W s pΛ 0 qztp0, 0qu, via the following properties:
‚ The coordinates pI, θq are the action-angle coordinates for the rotator; ‚ dp^dq " dy^dx; ‚ z P Λ 0 if and only if xpzq " ypzq " 0; ‚ z P W u pΛ 0 q " W s pΛ 0 q if and only if ypzq " 0; ‚ for z P N 1 , we have that y i "˘pp 2 i {2`V i pq i qq, for i " 1, . . . , n. See Fig. 1 . The coordinate y i can be chosen to be equal to the energy pp 2 i {2`V i pq iin a whole neighborhood of the separatrix of the i-th generalized pendulum.
Once we have that y i is the energy of the i-th generalized pendulum, the coordinate x i is determined so that is the symplectic conjugate of y i .
The coordinate x i is given by dx i "
i ptq 2 q 1{2 dt is the arc length element along the energy level. Since
That is, the coordinate x i equals to the time t it takes the solution pp i ptq, q i ptqq to go from some initial point pp 0 i , q 0 i q to pp i , q i q. The value q 0 i can be chosen uniformly for all energy levels, and p 0 i is implicitly given by the energy condition.
A direct computation shows that
i pq i q 2˙" dp i^d q i .
Note that we cannot extend py i , x i q as a symplectic coordinate system to a neighborhood of the separatrix that contains the equilibrium point of the generalized pendulum, since this is a critical point of the energy function.
In the new coordinates py, x, I, θq the Hamiltonian H 0 is given by (3.14) H 0 py, x, I, θq " h 0 pIq`h 1 pyq " h 0 pIq`y, for py, x, I, θq P N 1 .
The coordinate system described above is essentially the same as in [GdlL18] , except that here we additionally emphasize that it is symplectic.
3.7. The scattering map for the unperturbed extended pendulumrotator system. We consider the extended system from Section 3.2, and we express the scattering map for the unperturbed extended pendulum-rotator system in terms of the action-angle coordinates defined in Section 3.6.
Since we have W s pΛ 0 q " W u pΛ 0 q and for eachz PΛ 0 , W s pzq " W u pzq, the corresponding scattering mapσ 0 is the identity map wherever it is defined. Thus,σ 0 pz´q "z`impliesz´"z`, or, equivalently (3.15)σ 0 pI, θ, tq " pI, θ, tq.
3.8. Evolution equations. Consider the coordinate system py, x, I, θq defined in Section 3.6. We will identify the vector fields X 0 and X 1 with derivative operators acting on functions, as described in Section 3.1.
Since X 0 " J∇H 0 is a Hamiltonian vector field, using the Poisson bracket r¨,¨s, we have X 0 y "ry, H 0 s " ry, h 0 pIq`h 1 py, xqs "´B h 1 Bx , X 0 x "rx, H 0 s " rx, h 0 pIq`h 1 py, xqs " Bh 1 By ,
When X 1 " J∇H 1 is a Hamiltonian vector field, similarly we have
Using the above formulas, we provide below the evolution equations of the coordinates py, x, I, θq, expressing the time-derivative of each coordinate along a solution of the perturbed system. We include the expression for the general case, as well as for the special case when the perturbation X 1 is Hamiltonian.
(3.16)
(3.17)
(3.18)
Note that the evolution equations for the x-and y-coordinate from above are only valid for py, x, I, θq P N 1 from Section 3.6. 3.9. Perturbed normally hyperbolic invariant manifolds. Since Λ 0 is a NHIM for the flow Φ t 0 of X 0 ,Λ 0 " Λ 0ˆR is a NHIM for the flowΦ s 0 of the extended system (3.3).
Recall that X 1 " X 1 pz, t, εq is assumed to be uniformly differentiable in all variables. The theory of normally hyperbolic invariant manifolds, [Fen72, HPS77, Pes04] asserts that there exists ε 0 such that the manifold Λ 0 persists as a normally hyperbolic manifoldΛ ε , for all |ε| ă ε 0 , which is locally invariant under the flowΦ t ε . The persistent NHIMΛ ε is Opεq-close in the C -topology toΛ 0 , where is as in (3.6). The locally invariant manifolds are in fact invariant manifolds for an extended system, and they depend on the extension. Hence, they do not need to be unique.
The manifoldΛ ε can be parametrized via a C -diffeomorphismk ε :Λ 0 Ñ Λ ε , wherek 0 " IdΛ 0 , andk ε is Opεq-close tok 0 in the C -smooth topology on compact sets. Throughk ε , the perturbed NHIMΛ ε can be parametrized in terms of the variables pI, θ, tq, where pI, θq are the action-angle variables on Λ 0 .
For details, see [DdlLS06a] . For the perturbed NHIMΛ ε , |ε| ă ε 0 , there exists an invariant splitting of the tangent bundle similar to that in (3.4), and DΦ t ε satisfies expansion/contraction relations similar to those in (3.5), for some constantsC, λ´,λ`,μ´,μ`,λ c ,μ c . These constants are independent of ε, and can be chosen as close as desired to the unperturbed ones, that is, to C, λ´, λ`, µ´, µ`, λ c , µ c , respectively, by choosing ε 0 suitably small.
There exist unstable and stable manifolds W u pΛ ε q, W s pΛ ε q associated tõ Λ ε , and there exist corresponding projection maps Ω´: W u pΛ ε q ÑΛ ε , and Ω`: W s pΛ ε q ÑΛ ε . Forz`" Ω`pzq, withz P W s pΛ ε q we have
and forz´" Ω´pzq, withz P W u pΛ ε q we have
for all t ď 0, for someCz ą 0. The constantCz can be chosen uniformly bounded provided we restricted toz in the local unstable and stable manifolds W u loc pΛ ε q, W s loc pΛ ε q. Hence we can replaceCz by someC. To simplify notation, from now on we will drop the symbol˜fromC,λ´, λ`,μ´,μ`,λ c ,μ c .
Master lemmas
In this section we define some abstract Melnikov-type integral operators and study their properties, which will be used in the next sections. The derivations are similar to the ones in [GdlL18] .
From Section 3.9, there exists ε 0 ą 0 such that, for each ε P p´ε 0 , ε 0 q, there exists a normally hyperbolic invariant manifoldΛ ε forΦ s ε .
Assume that for each ε P p´ε 0 , ε 0 q there exists a homoclinic channel Γ ε (see Section 3.4), which depends C -smoothly on ε, and determines the projections Ω˘:Γ ε Ñ Ω˘pΓ ε q ĎΛ ε , which are local diffeomorphisms as in (3.7). We are thinking ofΦ s ε ,Λ ε ,Γ ε as perturbations ofΦ t 0 ,Λ 0 ,Γ 0 , for ε ‰ 0 small. Letz ε PΓ ε be a homoclinic point forΦ s ε . Because of the smooth dependence of the normally hyperbolic manifold and of its stable and unstable manifolds on the perturbation, there is a homoclinic pointz 0 PΓ 0 forΦ s 0 that is Opεq-close toz ε , that is (4.1)z ε "z 0`O pεq.
Let pz ε , εq P Ă M Þ Ñ Fpz ε , εq P R k be a uniformly C r 0 -smooth mapping on Ă MˆR, with 1 ď r 0 ď r. We define the integral operators To prove convergence, we will use that the exponential contraction along the stable (unstable) manifold in forward (backward) time, given by(3.20) and (3.21). For the stable manifold, we have
where C is the positive constant and λ`is the negative contraction rate from Section 3.9.
Recall that F is uniformly C r 0 -differentiable, so it is Lipschitz with Lipschitz constant C. Thus,
ote, the last expression is positive since λ`ă 0. Thus the integral is bounded and therefore convergent. The proof for the convergence of J´pF, Φ s ε , z ε q is similar. The difference is that the limits of integration are from´8 to 0 and the contraction rate is´µ´ă 0 Also, the proof holds if F is replaced by any Lipschitz function, in particular, by X ε F, where we recall that X ε " X 0`ε X 1 . This fact will be used in the proof of the next lemma.
Lemma 4.2 (Master Lemma 2).
Fpzὲ q´Fpz ε q "´I`ppX
Proof. To prove this lemma, we will begin by computing the derivative of the i th component of F along the perturbed flow. Forz a point in Ă M , using (3.2) we have
With the above result, we can now compute the difference in (4.3). Note that we define a vector field, X , acting on a vector valued function, F, as χF " pχF i q i .
We have
Fpzὲ q´Fpz ε q " FpΦ Letting T approach infinity, the first difference vanishes because the homoclinic pointz and its foot pointz` approach each other. We then can rewrite the integral using the expression for the derivative of F along the flow:´ż The proof for J´ppX 0`ε X 1 qF,Φ s ε ,z ε q is similarly. The main difference is that the limits of integration are from´8 to 0. for 0 ă ă 1. The integrals on the right-hand side are evaluated with X 1 " X 1 p¨; 0q.
Proof. To prove this lemma, we will use both the Gronwall inequality from the Appendix A and the Lipschitz property of F. The Gronwall inequality (A.6) givesΦ where 0 ă ρ 1 ă 1. Note that these equalities hold on an interval of time 0 ă t ă k ln`1 ε˘, for k ď
, where C 0 is the Lipschitz constant of X 0 ; see Appendix A.
Before using the results from Gronwall, we will split the integrals into two parts: Examining the second of these two integrals, we havěˇˇˇż
here C " C F C. Now if we let T " k ln`1 ε˘, then the integral is bounded by Now we can apply the Gronwall inequality (A.6) as well as the Lipschitz property of F. This show that the difference of the integrals is bounded by
The order of the integral is bounded by
for some ρ 3 ă ρ 1 ă 1. Finally, let ρ " mintρ 2 , ρ 3 u. Returning to the original expression, we have Proof. By the mean value theorem, we have
where M " sup |DFpzq|. Note that M ă 8 since F is bounded together with its derivatives. Now, by the hypothesis, we can bound M by Opεq. The proof is now similar to the proof of Lemma 4.3. Essentially, the Lipschitz constant of F, C F , is replaced with Opεq. Thus,
Finally, let ρ " mintρ 1 , ρ 2 u. The proof for |J´pF, Φ s ε , z ε q´J´pF, Φ s 0 , z 0 q| follows similarly.
5. Scattering map for the perturbed rotator-pendulum system 5.1. Existence of transverse homoclinic connections. Consider the coordinate system z " py, x, I, θq defined in Section 3.6. Let us restrict to z " py, x, I, θq in the neighborhood N 1 where y i "˘1 2 pp 1 i`V i pq i qq. In the unperturbed case, W u pΛ 0 q " W s pΛ 0 q are given by y " 0.
In terms of the extended coordinates py, x, I, θ, tq, a pointz0 PΛ 0 can be described asz0 " p0, 0, I, θ, tq, and applying the flow to this point yields Φ s 0 pz0 q " p0, 0, I, θ`ωpIqs, t`sq.
A pointz 0 P W u pΛ 0 q " W s pΛ 0 q can be described in coordinates as z 0 " p0, x 0 , I, θq, and applying the flow to this point yields Φ s 0 pz 0 q " p0, xpsq, I, θ`ωpIqs, t`sq, where xpsq represents the x-component of the solution curve of the Hamiltonian h 1 with initial condition at s " 0 equal to p0, x 0 q, evaluated at time s.
In the perturbed case, for ε ‰ 0 small, we can describe both the stable and unstable manifolds as graphs of C ´1 -smooth functions y s ε , y u ε , over px, I, θ, tq given by respectively, for px, I, θ, tq P N 1 X W u pΛ 0 q.
The result below gives sufficient conditions for the existence of a transverse homoclinic intersection of W s pΛ ε q and W u pΛ ε q. The proof is essentially the same as for Proposition 2.6. in [GdlL18] , except that the latter is under the assumption that the perturbation is Hamiltonian. Therefore we will omit the proof. (5.
2)
The second formula corresponds to the case when the perturbation is Hamiltonian.
If x˚" x˚pI, θ, tq is a non-degenerate zero of the mapping
1 y p0, 0, I, θ`ωpIqs, t`sq X 1 y p0, xpsq, I, θ`ωpIqσ, t`sq˘ds P R,
then there exists ε 0 ą 0 sufficiently small such that for all 0 ă |ε| ă ε 0 W s pΛ ε q and W u pΛ ε q have a transverse homoclinic intersection which can be parametrized as y u ε px˚pI, θ, tq, I, θ, tq " y s ε px˚pI, θ, tq, I, θ, tq,
Remark 5.2. In the case when both the system and the perturbation are Hamiltonian, it is shown in [GdlL18] that the corresponding condition (5.3) is for a C 1 -open and C 8 dense set of perturbation H 1 . In particular, it is generic. When the perturbation is non-conservative, it is possible that W s pΛ ε q and W u pΛ ε q do not intersect for any ε ‰ 0, even though for ε " 0 we have W s pΛ 0 q " W u pΛ 0 q. That is, a non-conservative perturbation can destroy the homoclinic intersection. The condition (5.3) that guarantees the existence of such an intersection is non-generic. The next sections are under the assumption that W s pΛ ε q and W u pΛ ε q intersect transversally for 0 ă |ε| ă ε 0 .
Change in action by the scattering map.
Assume:
‚z ε is a homoclinic point for the perturbed system, i.e.,z ε P W s pΛ ε qX W u pΛ ε q, ‚zε " Ω˘pz ε q PΛ ε , ‚z 0 is a homoclinic point for the unperturbed system, i.e.,z 0 P W s pΛ 0 qX W u pΛ 0 q, corresponding toz 0 via (4.1), and ‚z0 " Ω˘pz 0 q PΛ 0 .
The existence of the homoclinic pointz ε is guaranteed provided that the conditions from Theorem 5.1 are met.
Under the above assumptions, we haveσ ε pzέ q "zὲ , andσ 0 pz0 q "z0 . We recall here that for the unperturbed system, the scattering map is the identityσ 0 " Id, hence, in terms of action-angle coordinates pI, θq, Ipz0 q " Ipz0 q, and θpz0 q " θpz0 q.
The result below describes the relation betweenσ ε andσ 0 in terms of the action coordinate I. (5.4) wherez0 "z0 "z˘, and 0 ă ă 1. The second formula corresponds to the case when the perturbation is Hamiltonian. The integrals on the right-hand side are evaluated with X 1 " X 1 p¨; 0q and H 1 " H 1 p¨; 0q, respectively.
Proof. The key observation is that the unperturbed Hamiltonian H 0 for the rotator-pendulum system does not depend on θ, hence I is a slow variable, as it can be seen from (3.18).
The proof follows immediately from Lemma 5.4 below, by making σ " 0, and subtracting (5.6) from (5.5). We also use the fact that for the unperturbed pendulum-rotator system the foot points of the stable fiber and of the unstable fiber through the same pointz 0 coincide, i.e.,z0 "z0 which we denotez0 . where 0 ă ρ ă 1. The second formula in each equation corresponds to the case when the perturbation is Hamiltonian.
Proof. We will only prove (5.5) as (5.6) follows similarly.
We first apply Lemma 4.1 and Lemma 4.2 for F " I, obtaining Finally, we note that in the pendulum-rotator system the foot-points of the stable fiber and of the unstable fiber through the same homoclinic point z 0 coincide, i.e.,z0 "z0 "z0 .
In the case of the Hamiltonian perturbation, we only need to substitute X 1 I " rI, H 1 s.
Change in angle by the scattering map.
Under the same assumptions as at the beginning of Section 5.2, below we provide a result that describes the relation betweenσ ε andσ 0 in terms of the angle coordinate θ. (5.7)
wherez`"z´"z˘, I 0 " Ipz˘q, and 0 ă ă 1. In the second term on the right-hand side the integral is thought of as a 1ˆd vector, and
BI 2 pI 0 q as a dˆd matrix. Also rθ, H 1 s, rI, h 1 s are 1ˆd vector.
The second formula corresponds to the case when the perturbation is Hamiltonian. The integrals on the right-hand side are evaluated with X 1 " X 1 p¨; 0q and H 1 " H 1 p¨; 0q, respectively.
Proof. Unlike in Theorem 5.3, where I is a slow variable, θ is a fast variable, as it can be seen from (3.19). However, we will show that the differences θ`zὲ˘´θ pz ε q and θ`zέ˘´θ pz ε q are slow quantities. Then, taking the difference,
We begin with θ pzὲ q´θ pz ε q. Using Lemma 4.1 and Lemma 4.2 for F " θ we obtain θ`zὲ˘´θ pz ε q "´ż`8
(5.8)
From (3.19) we have
and (5.8) becomeś
(5.9)
The second integral in (5.9) has a factor of ε, so we will focus on the first integral. Recall that Let us first consider the case when h 0 is of one-degree-of-freedom, i.e. I P R. We can use the integral version of the Mean Value Theorem to rewrite the integral. Recall, f px`∆xq´f pxq " ∆x
where we denote I ς,ὲ " I´Φ ς ε pzὲ q¯and I ς ε " I´Φ ς ε pz ε q¯. We use Gronwall's inequality as in Lemma A.2 to rewrite the inside integral of the second partial derivative as In the above, the quantity sI psq obviously equals to 0 at s " 0, and equals to 0 when s Ñ 8 since, by l'Hopital Rule
since pX 1 IpΦ s 0 pz0 qq´X 1 IpΦ s 0 pz 0approaches 0 at exponential rate. Applying Lemma 4.3 to the second integral in (5.9), and combining with the above we obtain
(5.14)
Similarly, for θ pzέ q´θ pz ε q we obtain an expression as a sum of two integrals θ`zέ˘´θ pz ε q "`ε where x¨,¨y denotes the inner product on R d . Setting
and proceeding as before, the first integral that appears in the computation of θ j pzὲ q´θ j pz ε q becomeś 
The second integral that appears in the computation of θ j pzὲ q´θ j pz ε q has the same form as in the 1-dimensional case d " 1.
Thus, for the vector θ pzὲ q´θ pz ε q we obtain θ`zὲ˘´θ pz ε q "`ε 
5.4.
Comparison with similar results. Consider the special case when the perturbation X 1 is Hamiltonian and time-periodic in t, i.e., X 1 " J∇H 1 for some H 1 " H 1 pz, tq, with t P T 1 " R{Z. Then the scattering map is exact symplectic map and depends smoothly on parameters, in particular on ε, so it can be computed perturbatively. More precisely, the scattering map, in terms of a local system of coordinates pI, θ, tq onΛ ε , can be expanded as a power of ε as follows:
where S 0 is a C -smooth Hamiltonian function defined on some open subset ofΛ ε . Hence J∇S 0 represents a Hamiltonian vector field onΛ ε . This formula is no longer true in the case of perturbations that are not Hamiltonian. See [DdlLS08] . In the case of the pendulum-rotator system, sinceσ 0 " Id, we have (5.18)σ ε " Id`εJ∇S`Opε 1` q, and the Hamiltonian function S that generates the scattering map can be computed explicitly as follows. Let
be a parametrization of the system of separatrices of the penduli, where τ " pτ 1 , . . . , τ n q P R n and1 " p1, . . . , 1q P R n .
Lpτ, I, θ, tq "´ż`8
8`H 1 pp 0 pτ`t1q, q 0 pτ`t1q, I, θ`ωpIqs, t`sq H 1 p0, 0, I, θ`ωpIqs, t`sqq ds (5.20)
Assume that the map τ P R n Þ Ñ Lpτ, I, θ, tq P R (5.21) has a has a non-degenerate critical point τ˚, which is locally given, by the implicit function theorem, by τ˚" τ˚pI, θ, tq. In particular, for σ " t, we have LpI, θ, tq " LpI, θ´ωpIqt, 0q. If we denote by L˚the function defined by L˚pI,θq " LpI, θ´ωpIqt, 0q, forθ " θ´ωpIqt, (5.26) then LpI, θ, tq " L˚pI,θq, forθ " θ´ωpIqt. This says that the function L " LpI, θ, tq, while nominally a function of three variables, it depends in fact on two variables only.
It turns out that the Hamiltonian function S that generates the scattering map is given by (5.28) SpI, θ, tq "´LpI, θ, tq.
Forσ ε pI´, θ´, t´q " pI`, θ`, t`q, from (5.18) we obtain Above, note that the point p0, 0, I, θ`ωpIqs, t`sq corresponds toz0 , and the point pp 0 pτ`t1q, q 0 pτ`t1q, I, θ`ωpIqs, t`sq corresponds toz 0 in Section 5.2. Thus, the formula for the change in the action by the scattering map in (5.29) is the same as the one given in Theorem 5.3.
From (5.20), and using that X 1 θ " rθ, H 1 s " pI, H 1 sp0, 0, I, θ`ωpIqs, t`sq rI, H 1 spp 0 pτ`t1q, q 0 pτ`t1q, I, θ`ωpIqs, t`sq˘pD I ωpIqsqds.
(5.34)
Since DωpIq " B 2 h 0 BI 2 pIq, and noting that this it is independent of the variable of integration, so it can be moved outside of the integral, the formula for the change in the angle by the scattering map in (5.30) is the same as the one given in Theorem 5.5. We note that, with the above argument, for a time of logarithmic order with respect to the size of the perturbation, we can only obtain an error of order Opε q with 0 ă ρ ă 1, but we cannot obtain an error of order Opεq.
